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ABSTRACT

In this paper we present an algorithm for adaptively computing

smooth piecewise polynomial approxima tions us ing restri cted range

uniform approximations . We also present several numerical examples and

offer suggestions for the effective use of this algorithm . We have

found the algorithm to be effective for approximating a wide class

of functions , either with or without significant levels of noise.

Furtherm~re, since the user of this algori thm actual ly defines tolerance

bands within which the approximat ion will lie , the .ilgorithm allows the

user a great deal of flexibility and control over the shape of the

resulting approximations .
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I. Introduction

i~t X bc a :~~n i t i  set of real pc ints dnd let f be a function ~~~in ed

In  < or l~’t J at a  be g i ve n  in tabular form . In the

case of data given in tabular form , say {(t ., y i) } ~~~~~~
1
, we shall  set

X = {t.}~ ..1 and define f on X by f(t 1
) y ., i 1, ..., M. In what

follows we sriall use this functional notation . Let a = min{x : x € X}

and b max {x : x ~ X}. For any function g defined on X define ~~~ 
~

max{~g (x)I: x € X}. Let SMTH and N be nonnegative integers supplied by

the user , wit~ N > SMTH. Let u(x) and 2.(x) be functions defined on X

supplied by the user such that for each x € X we have R.(x) < f(x) < u(x)

and i(x) < u(x). In this setting our algorithm will calculate a p iecewise

polyn omial appr oxi mat ion , p,  to f, and a set of poin ts (x .}~~ 0 ~ 
X wi th

a = x0 < x1 
< .. < x)~ = b such that p restricted to [x., x..~111 is a

polynomial p~ ~ ~N-l 
{q: q is a real algebraic polynomial of degree < N-l},

p has SMTH cont inuous derivatives ( on [a , bi) and for each x € X ,

< p ( x )  < u ( x ) .  By appropriately choosing i ( x )  and u (x )  then , the

user obtains an approximation meeting ~i given preselected (set of) tolerance(s).

II. The Algorithm

The algorithm begin s by choosing to be the largest point in X such

that

1) [a, x1] (1 X contains at least N+l points an-’
2) There is a best restricted range uniform approximation p1 

from

to f (with respect to the constraining curves u (x )  and L(x))

on [a , ~~] fl X; that is, there exists 
~~~ 

Tt~~~ for which

t (x )  < p1(x )  < u(x) holds for all x ~ [a , 
~~~ 

(1 X and

h f — p1 h I [a ,~ 1] flX ~~~ hh~ 
— q hh ~~,~1 ]fl~: q E  11N—l and

L ( x )  < q ( x )  < u(x) for all xE [a,x1]flX}.
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If = b , then ~~nce p1 is a p iecewise polynomial meeting our

requirements , we su cn- -~sfully terminate the algorithm. If no such

exists , the algorithm fills and an appropriate error message is generated .

Otherwise , if SMTH 0 ( i . e . we only require the approximation to be

continuous ) we choose the right endpoint of the first subinterva l,

to be 
~~ 

I f SMTH 0, in order to add to the stability of the

algorithm we (in general) choose x1 
by “backing off” from x

1 
in the

following manner.

We first examine the error curve f(x) - p1
(x )  and f ind those points

~l’ ~2
’ 

~~~~~~~~ 

in (a , ~~ ] fl X at which relative extrema occur . We will

choose one of the E~,’s to be x1. The motivation for choosing x1 in this

manner is that in the continuous setting , if f is di f feren t iab le and ~

is an interior relative extreme point of f(x) - p1
( x ) ,  then f’ (E) - p~ (~~) = 0

so that the derivative of p1 at F~ would match that of f at F~. This

guaran tees tha t when we smoothly j oin the next piece of the appr oxima tion

to p
1 
at ~~, this next piece will closely follow the direction of f at

least near ~~~. If we merely joined the second piece to the first at 
~l’ 

no

such guaran tee can be made , and , in fact, severe oscillatory problems tend

to set in. Our numerical experience indicates that the procedure of

backing off  from to a smal ler x. contributes very signi f icant ly  toward

the stability of the algorithm . To continue , let f’(~~~) be the derivative

of the centered quadratic interpolation of f evaluated at E ,~. We then choose

to be the largest ~~ such that l~ ’(~~
) - P~

(
~~) I  < EPS , where EPS is a

tolerance which can be set by the user, or , if there does not exist such

a then we let x1 be the largest 
~~ 

at which l f ’~~ - pj (~ ) h  is a minimum .

(In our implementation of the algorithm , we do not in general consider all

of the relative extreme points of f(x) - p 1(x )  in [a , X , but only

the largest N - SMT H - 1 of them.)

______ _____- ~~~~~~~ 
-
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We cont inue  by f i nding ~j:cessive intervals Ux1, x2
], [x 2, x3),

[X 1, b} and corresponding polynomial approximations p2. p3. ..., p0 €

to 1 so that p
~~~~

(x
~~ i

) p~~~~(x ~~ 1
) tor j = 0 , 1, ..., SMTH and 2(x)ip

~
(x)<u(x)

for every x E [x
~~~i~ x

~~
] fl X for v 2, ..., m , Xm b. This is accomplished

as follows :

~uppcse we have found the subintervals [a, x1
] , [x

1
, x2

], . . . ,  Ix . 21 x.  
i~
’

and the corresponding approximat ions p
1
, p

2
, ..., p.

1
. Assume further that

5) C X contains at least max(2, N-SMTH) points. ~ r~~i determine~~~x.and a

p. n.~e 1mg the above requirements. We begin by choosing € X to be the

largest point in X which satisfies

1) [x.
1
, ~ .] centains at least max(2, N-SMTH) points and

2 )  Th ere exis ts a best restricted range uniform approxim ation , p~ ,

to f on [x .
1
, ~L ]  11 X, subject to the constraint that p~~~ (x .

1
)

= p
(
.J~~(x~~

1
) ,  j 0 , 1, . . . , SMTH.

If = b , we set x 1 = b , and the algor ithm is successfully

terminated . If no such exists , the algorithm fails and is terminated .

Otherwise, we choos e x1 compl etely analogous to our choi ce of x1 above .

Finally,  we consider the special case where [x . 1, b] (1 X con tains

fewer than max(2 , N -SMTH) points . Specifically , we choose x.
1 

to be a

point in X closest to (b - x.
2
)/2 which satisfies

1) hI  (t X contains at least max(2 , N -SMTH ) points and

2) There exists I l  best restricted range approximation , p2. to f

f rom 11N- 1 on ~~~~~ b] f~ X subject to the constraint that

~~~~~~ , 0, 1, .. . , SMTH.

Again, if we can find such ~n then we change x.~~ to 
~jl

’ set

X j  b, and successfully terminate the algorithm . If we cannot find such an

the algorithm is terminated and an appropriate error message is generated.
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Remark. In our implementation of this algorithm,the 
~i 

are chosen as

follows . At each step of this iterative procedure we will let be

the current largest point in X such that requirements (1) and (2)

are satisfied on [x .
1
, ~ ] fl X , and we will let be the current

smallest point in X such that > and requirement (2) fails tc  be

satisfied. We initialize this process by computing (or attempting to

compute) the best restricted approximation on [x 1_1, b] 0 X subject to

the smoothness interpolatory constraintS. If thi s appr oxi mat~~ n

satisfies requirement (2). then we set = b and we are done . If

the approxima tion fai ls  to satisf y ( 2 ) ,  we set b. Next ., let

t = min{x € X: [x.
1
, x] fl X contains at least max(2, N-SMTH) points).

If the approximation on [x. 1, t ]  (1 X fai ls  to sat isf y (2) then the

algorithm cannot meet the desired accuracy and f a i l s .  Otherwise , we

set a t .

In genera l, we proceed as follows. We let t i n f(x  € X:

If this set is empty, we set t = supfx€ X: < x < (~ - 
~)/2}. If t =

then thi s procedure has converged and we set = t = ~~~. Otherwise ,

we compute (or attempt to compute) the best restricted range approxi-

mation with interpolatory constraints on [x
1 1 , ti fl X . If this

approximation satisfies (2) then we set = t. If this approximation

fails to satisfy (2) then we set = t. We continue this process until

- is less than some user definable prescribed tolerance , at which

• ,‘,
point we accept a as a good approximation to x

~ 
and terminate this

procedure . We compute the in a manner analogous to the above .

We have implemented a Remes-like algorithm to compute best restricted

range uniform approximations with int erpolatory constraints .  See [2] for

a complete discussion of this problem .

~TL — — - - 1 * _____ - - - — 
-~~ 

—
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III. Numerical Results

By setting u (x) = f(x) + TOL and Q.(x) = f(x) - TOL for  x € X ,

where TOL. is some positive , preselected tolerance , this algorithm

simplifies to the best uniform approximation operator version of the

algorithm given in [3]. For this reason we do not consider here any

examp les wi th  restraining curves d i f fe r ing  from the function being

approximated by a constant . Indeed , the real value of this algorithm

is that the tolerance we require our approximation to satisfy may vary

from point to point . Consequently , where f is “nic e” we can force our

approximation to be close to f, and where f is “bad” we can relax our

requirements, thereby obtaining an approxima tion which more closely

ref lects the character of f than can be obtained by selecting a f ixed

tolerance throughout the domain of approximation . In the case of

experimental data which con tain consid erabl e levels of noi se, the user

can force the approximation to lie on the “believable” side of the data;

of ten , more useful approxima tions can be obtained with this algori thm

than can be obtained with (for example) the discrete L
2 version of the

algorithm given in [3].

This algorithm has been implemented as a FORTRAN program running

on Colorado State University ’s CDC CYBER 172 and CDC 6400. In the

appendix we g ive a listing of the algorithm . As examples , we now

present approximations to experimental data involving the release of

bitumen and gas and oil from oi l shale heated to a constant temperature

as a function of time. Because relatively few data points were available

(l’~-20) ,  we filled in the gaps between the data points by discretizing

(200—500 points) the linear interpolation of the origindi data using an

algorithm which added ( somewhat ) more poin ts in reg ions where the function
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being approximated was complicated (i.e., radi call y chang ing slopes

between data points) and fewer points in regions where the function is

smooth. The advantage of this unequal spacing over equally spaced points

is tha t in regions where the function being a~ proximated is complicated ,

the procedure of “hacking off” from to x~ becomes more eff ective by

having more densely packed points. Also, the subin tervals

may be chosen to be smaller (if needed in order to obtain a close enough

approximation )  while [x .
1
, L ] (‘

~ 
X still contains at least max(2 , N-SMTH)

points. Only the original data points  ( indicated by “ x ”)  are shown in

the following plots.  In each case we chose N ~~~, arid SMTH = 2. The

curves t (x )  and u ( x )  were chosen by hand or by means of a simple algori thm

at the orig inal ~ita points , and then they , too, were “fillec~ in ” using

the ~~me linear interpolation scheme as above. The TOL parameter listed

on the plots is the largest tolerance allowed at any point throughout

the approximation . This error is not in general reached.

IES1~~IC ? tO R*NGt ~~~ ~At. / T ON T L P’P — 4~ 3 B~~T%JWtPI

••g  ~~~~~•/ •  ~* • 4.1ff I~

-U—..’-

- ‘I-.- .

..‘.s.-

V I
l.1 1f S  ~~ IU ~~~ f l I C~~~~ U~~I~~~ 1~I~ II~~~ C~PU

Figure 1
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Although the maximum tolerance in both of these examples is fairly large ,

the tolerances throughou t most of these int ervals of approxima tion were on th e

order of .15 to 1.5. That is, we required fair ly c lose agreement wi th the

function being approximated except at the “bad” poin ts. As an exa mple of wha t

can be done by appropriately choosing the restraining curves, we chose a band

containing the above data and computed restraining curves based on this band

as the following plot shows. The curve in the center is the resulting

approximation.
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Figure 3

For clarity, we repeated the above plot but without the restraining

curves.
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For additional examples using this algorithm and a similar algorithm

using best approx imations , see [1).

By appropriately se t t ing the restraining curves the user can ,

to a large exten t, determine the shape of the approximat ion . The most

effective way of determining such restraining curves seems to be trial

and error. Ideally, these restraining curves would be determined in an

-: 
interactive setting using a graphics te rr~~na1 wi th a pen li ght as follows .

First one would make a rough initial guess at what the restraining curves

should be (using t eme simple algorithm or otherwise), then allow the

- -~~~ -- . - - . - -~ - - 
‘
.~~~~~~—
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algorithm to compute the first p iece n f  the approximation . One would

then display the ~~~t u , th~ current approximatie~ and the current

restraining curves arid modify the r - e~; training urv~-~ on the relevant

subinterval as desired so that when this fir~;t T i e ce i~ re emput.~ i using

the updated restraining curves , it behaves as desired . After ~he user

is satisfied with the first piece , he would r l J - ~~t the above ;tr. t.egy

on each successive subinterval as they are determined by the algorithm .
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APPENDIX

Here we g ive a l i~~t i n g  wi th  dr iver , sample ~~~~ and nu t  ut

which corresponds tu  Fi gure 1. The u~ m~ 1 .- in~*~1’ ib  1uca t ~~d ~: t~~r

the listing of the code and pr i or to t t . - samp le ~u t~~ut . Thi

example uses the algorithmically def iro - .I ~~ I : i n g  curv*-s. in

add i t i on , ins t ruc t ions  for user ~ ef  ~nf - ~ r ; t  r a i n ing  r U T Vl -ire

g iven in the sample input section .

il

- - 1’ —
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RE,STRICTF.D RANGF. ADAFT IVE CURVr. El £TING PROGRA M s SAMPLE RUN
(ALGORITHMICALLY DEFINED RESTRAINING CURVES )

INPUT I

1 ( THIS DEN OTF~ RESTRAINTS OPTION )
6 2 4a00 .175 ( N , 514TH, L4AXTOL , MINT OL )

XTABLE , FTABLE )
3.0 0.0
5.0 1.3
7.0 3.4 TO EMPLOY THE USER DEFINED
11.0 5 .2  kth -SThAININ G CURVE S OPTION , THE
13.0 6.0 FIRST DATA CARD SHOULD BE 0,
15.0 14.4 AND THE U ?PER AND LOW ER T0LER—
17.5 21. 4 ANCFS ro BE ALLOWED AT EACH
20.0 27.4 DATA POINT SHOULD BE ON THE
22.5 50.9 RESPECTIVE DATA CARDS.
25.0 49 ,3  EXs
27.5 4 7,5 27 ,5 4 7.5 1.0 4.0
30 .0 51.5 ( U )  ( L )
35.0 36.5
40.0 27.9
5fl .0 9.4
60.0 4.2

OUTPUT i

IN’rERvAL NUMbER 1 W H I C H  HE G ThS AT .3000000000000000E+0 1
AND ENDS AT .1100000000000000E+02 CONTAIN S 41 POINTS ,
THE COEFFI CIEN TS OF BEST APP~~X1NATIoN IN THIS INTERVAL ARE

C( 1) — .1497565266967138E+02
C( 2 )  = — .1144565861352237E+02
C C 3)  = .3049103763268548E+01
C( 4)  — .3346122 135351450E-s-00
C( 5)  .1592800 176610654 E-.01
C C 6 )  = — .253’-i785932326346E—03

THE ERROR OF APPROXIMATION IN THIS INTE RVAL IS .325 1703402472 117E+00.

INTERVAL NUMBER 2 WHICH BEGINS AT .1100000000000000E+02
AND ENDS AT al500000000000000E+02 CONTAINS 24 POINTS .
THE COEFFICIENTS OF BEST APPROXIMATIO N IN THIS INTERVAL ARE

CC 1) — .8953993 229386797E+03
C( 2)  — —.3853 784676856376E + 03
C( 3) .66393358019604 112E+02
C( L i )  _ .5682948501274 0L 11E+O 1
CC 5) .2409284901711972E4-O0
C( 6) — 

_ .40250Z42180238581E—o2

TEE ERROR OF APPROXIMATION IN THIS INTERVAL IS .12074925916j 26O6E+0j .

- 

- 
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INTERVAL NUMBER 3 W H I C H  B~ GI~a_ S AT .1500000000000000E+02
AND END S AT .2000000000000000F+02 CONTAINS 29 POINTS .
THE COEFFICIENTS OF BEST AFFROXIr&A-rIoN IN THIS INTERVAL ARE

CC 1) = .2080819 12 1698872E+05
CC 2) = - .6119991900236899h+04
C( 3) = .7147141380302528F+03
C( 4) = -.4142494450662980E+Oa_~C( 5) = .1192134278O5b~~3E+01
CC 6) = — ,1362678361482~--50E—O1

THE ERROR OF APPROXIMATION IN THIS INTERVAL IS .2829293208918557E+O1 .

INTERVAL NUMB ER Li WHICH BEGINS AT .2000000000000000E+02
AND ENDS AT .2359270706355915E+02 CONTAINS 28 POINTS.
THE COEFFICIENTS OF BEST APPRoxIMATIoN IN THIS INT ERVAL ARE

CC 1) = _ .2671258659287L1.86E+06
CC 2) = .6 180344279850274E-s-05
C C 3)  = — .5704535104277922E+ 04
C( 4) = .26 25284927906778E+03
C( 5)  = — .6 022618197926448E+01
CC 6) = .5509132822059026E—01

THE ERROR OF APPROXIMATION IN THIS INTERVAL IS .3398666798696013E-4-01 .

INTE hVAL NU M BER 5 WHICH BEGINS AT .2359270706355915E+02
AND ENDS AT .2738518411304983E+02 CONTAINS 21 POINTS .
THE COEFFIcIEI.rS OF BEST APPROXIMATION IN THIS INTERVAL ARE

C( 1) = — .101310427869369,5E+07
CC 2) = .2002989828887Li61E+06
CC 3)  = — .1582334382597386E+05
C( 4) .6243710376956733E+03
CC 5)  = — , 12305809643779 70E+02
CC 6) .9691424185808195E—01

THE ERROR OF APPROXIMATION IN THIS INThRVAL IS .7623136251345386E4-OO .

INTERVAL NUMBER 6 wHICH BEGINS AT .273851841130L1.983E+02
AND ENDS AT .3343698511741786E+02 CONTAINS 37 POINTS.
THE COEFFICIENTS OF BEST APPROXIMATION IN THIS INTERVAL ARE

C( 1) .2974023810520601E+ 06
CC 2) — _ .Ll.?379823271155143E+05
C( 3)  = .30 085Li4262538955E+04
CC Li) = — .95168146946573Li 2E+ 02
CC 5)  — .1Li99809050599829E+o1
C C 6) = -.9k21877586332617E—02

TEE ERRO R OF APPROXIMATIO N IN THIS INT ERVAL IS .12701&i 29Li5357293E+O 1,
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INTE R VAL NUMB ER 7 WHICH BEGINS AT .334~~~9851174 1786E+02
AND ENDS AT .Li0 65087038553866E-I-02 CONTAINS 39 POIN r s .
TilE COEFF ICIEN 1?S OF BEST APP ROXIMATION IN THIS iNT ERVAL ARE

C( i )  .6567620303936 116E+05
C C 2 )  = - .84 1732 1059978451E+ 04 -

C( 3) — .4305390572534816E+ 03
C( 4 ) — -.1097600576167463E+02
C( 5) = .1394)56985Li-19112E+O0
CC 6)  = _ .7C61442077258562E~ O3

THE ERROR OF APPROXIMATION IN THIS INTERVAL IS .1270142944891631E+O 1 .

INTERV AL N UMBER 8 WH ICH BEGINS AT .~~085O87038553866E+02
AND ENDS AT .6000000000000000E+02 CONTAINS 95 POINTS .
TEE COEFFICIENTS OF BEST APPROXIMATION IN THIS INTERVA L ARE

CC 1) = .198L1.768817575L1.97E+05
CC 2) = -.2082281f76169310E+ 04
C( 3)  = .8723916835701220E+02
CC 4) = — .1819359280069307E+01
C( 5)  = ,1886185858999134E—01
CC 6)  = — .7772 177593868Li 18E-0Li

THE ERROR OF APPROXIMATION IN THIS INTERVAL IS .7764477640884024E+00 .

B~S1 MM~M’~ 
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